We calculate the spectrum of the matrix M ′ of Neumann coefficients of the Witten vertex, expressed in the oscillator basis including the zero-mode a 0 . We find that in addition to the known continuous spectrum inside [− 1 3 , 0) of the matrix M without the zero-modes, there is also an additional eigenvalue inside (0, 1). For every eigenvalue, there is a pair of eigenvectors, a twist-even and a twist-odd. We give analytically these eigenvectors as well as the generating function for their components. Also, we have found an interesting critical parameter b 0 = 8 ln 2 on which the forms of the eigenvectors depend.
Introduction
Vacuum String Field Theory (VSFT) was proposed by Rastelli, Sen and Zwiebach in [1] - [7] as the expansion of Witten's Open String Field Theory [8] around the non-perturbative vacuum. They conjectured that the kinetic operator of VSFT is pure ghost after a suitable (possibly singular) field redefinition. A strong support of this conjecture was that they could reproduce numerically, with convincing precision, the correct D-brane descent relations [2] . These descent relations were further established in the context of Boundary Conformal Field Theory [4] . However, until recently, a direct algebraic derivation based on the properties of the Neumann coefficients has been elusive; and so have been the proofs of other conjectures, such as the equality between the algebraic and the geometric sliver, or the form of the pure-ghost kinetic operator around the stable vacuum.
These proofs all came up very recently, shortly after Rastelli, Sen and Zwiebach solved the spectrum of the matrix M of Neumann coefficients [9] . They found that the spectrum is continuous in the range [− 1 3 , 0); every eigenvalue in this interval is doubly degenerate, except for − 1 3 which is single and twist-odd. They gave a complete solution by finding the density of eigenvalues and the expressions of the corresponding eigenvectors. This result turned out to be a key tool for doing exact calculations in VSFT. Indeed, using the form of the spectrum of M, Okuyama [10] proved that the ghost kinetic operator of VSFT is given by the ghost field c evaluated at the string midpoint, as was already expected [11, 6] . Then in another paper [12] , Okuyama also gave an algebraic proof that the D-brane descent relation is correctly reproduced. The ration of the tension of a Dp-brane to the tension of a D(p − 1)-brane can be expressed in terms of determinants of matrices of Neumann coefficients
(1 + 3M ′ ) 1 4 det(1 − M) 3 4 (1 + 3M) 1 4 ,
where M is the matrix formed by the Neumann coefficients of the vertex in the oscillator basis with zero momentum, whereas M ′ is made out of the Neumann coefficients of the vertex expressed in the oscillator basis including the zero-mode oscillator a 0 . The parametre b is an arbitrary constant in the definition a µ 0 : [2] . Although it seems, at a first look, that one needs the spectrum of both M and M ′ to calculate R, Okuyama [12] found an elegant way of calculating this ratio knowing only the spectrum of M. At last, Okuda [13] proved the equality of the geometric sliver and the algebraic sliver [2, 5, 14, 15, 16, 17] .
Because the spectrum of M is such an important piece of data, it is reasonable to expect that knowing the spectrum of M ′ will be very useful as well. In this paper we thus solve the problem of finding all eigenvalues and eigenvectors of M ′ .
We summarize our results here: We find that the eigenvalues of M ′ are given by two types, a continuous and a discrete spectrum. The continuous eigenvalues are the same as that of M and are located in the range [−1/3, 0). The discrete eigenvalue is located in the range (0, 1) and is determined by (5.4) (or (5.5)) implicitly. The corresponding eigenvectors are as follows. For every eigenvalue λ ∈ [−1/3, 0), we have two degenerate eigenvectors which can be written as a twist-even (4.28) and a twist-odd (4.29). Note that this degeneracy includes the point λ = −1/3. For the discrete eigenvalue λ ∈ (0, 1), we have again two degenerate eigenvectors, a twist-even (6.6) and a twist-odd (6.7). They do not have corresponding analogues in M and consist only of certain vectors |v e and |v o defined in (2.10).
Interestingly, we have found a critical value b 0 = 8 ln 2 ≈ 5.54518 where the forms of the eigenvectors differ slightly for b ≥ b 0 and b < b 0 . When b < b 0 , the eigenstates for the continuous spectrum ((4.28) and (4.29)) can be considered as deformations of those of M by |v e and |v o . When b ≥ b 0 , all eigenvectors are as above except at one point λ 0 ∈ [−1/3, 0) determined by (5.4) (or (5.5)). At this particular point, the corresponding eigenvector will have the form given by (6.6) and (6.7) instead of the ones given by (4.28) and (4.29) for the aforementioned continuous spectrum. This paper is organized as follows. Section 2 summarizes some of the known properties of the matrices M ad M ′ which are key to our derivations. Then, after a review of the method of diagonalising M in Section 3, we reduce the central problem of diagonalising M ′ into a linear system of equations in Section 4, wherein we also present the continuous spectrum. In Section 5, we discuss the analytic evaluations and behaviour of zeros of the determinant of the linear system. Sections 6 is the highlight of the paper where we carefully analyse the discrete spectrum of M ′ . In Section 7 we evaluate the so-called generating functions explicitly to obtain the components of the eigen-vectors. Finally in Section 8, we apply our methods to analyse the spectra of the other M ′rs matrices. We end with conclusions and prospects in Section 9.
Notations and Some Known Results
In this section, we recall some known results and fix the notation we shall use throughout the paper. All relevant results can be found in [9, 10, 12] . We emphasize here that we take α ′ = 1.
Properties of the Matrix M
We first recall the definition of the matrix M, defined as a product of the twist matrix C mn and the Neumann Coefficients V 11 mn for the star product in open bosonic string field theory:
In [9] , it was found that the eigenvectors of M can be written as
(2.
2)
The components v k i can be found from the generating function
We can simplify notations by defining the inner product [10] 
where |z ≡ (z, z 2 , z 3 , ....) T and z| = |z T is the transpose of |z (not hermitian conjugate). Then the generating function becomes
where E nm = √ nδ nm . Under the twist action of C defined above, we have
The eigenvector |k has very good properties, most notably the orthogonality under the inner product [12] :
Using this result, we see that |k forms a complete basis and
The Matrix of our Concern: M ′
The matrix we try to diagonalize is [2, 12] 
where we have defined
and A n is defined as the coefficients of the series expansion
There are a few results concerning the states |v e and |v o which we will use later. We quote them from [12] as The twist operation on these states are easily seen to be C |v e = |v e , C |v o = − |v o (2.12)
1 As a byproduct of our analysis, we will actually prove this identity and another one v o | 1 1−M |v o = 3 4 V rr oo later.
One Simple Example
In this section, we will use one simple example to demonstrate our method to diagonalize the matrix M ′ in (2.8). We shall use the technique in [10, 12] to find the eigenvector v and eigenvalue λ of the matrix M:
Using (2.7) we can expand v into the |k basis as
Since the different |k are independent of each other, a naïve solution is
giving the trivial solution h(k) = 0. However, we can find a non-trivial solution as follows. Recalling that for an arbitrary function f (k) with a zero at k 0 so that f (k 0 ) = 0, we have
This means that we can choose
Therefore we can solve (recall that f (k 0 ) = 0)
which are the known eigenvalue and eigenvector respectively.
Diagonalising M ′ : Setup and Continuous Spectrum
After the preparation above, we can start to diagonalize the matrix M ′ in (2.8). First we expand the eigenstate as
where g is a number corresponding to the zero mode and h(k) is the coefficient of expansion on the |k -basis. Then M ′ · v = λv transforms into two equations
For later convenience, we define
and solve g from (4.2) as Putting (4.5) into (4.3) and simplifying we obtain
Now we expand |v e , |v o as
and get
From the experience we gained in the previous section we should require that
where r(k) is an arbitrary integrable function with a zero at k 0 . Here we want to emphasize that at this point k 0 is a yet to be determined parameter and r(k), a to be determined function. We will show later how to determine these. Now equation (4.9) is an Fredholm integral equation of the first kind in h(k). To solve it we need to write it into the standard form as
Applying the operation +∞ −∞ dk v e |k on both sides of (4.10) we obtain
The integrals for B e (λ) and B o (λ) are subtly dependent on the parametres r(k) and k 0 and will be addressed in Subsection 4.1. The A integrals will be the subject of Section 5. Similarly, applying +∞ −∞ dk v o |k on both sides of (4.10) we get
Equations (4.11) and (4.17) can be written in matrix form as
Using the expression (2.10) it is easy to show (due to the odd parity of the integrand) that A eo = 0. Therefore (4.18) is actually diagonal
We have reduced the eigenproblem for M ′ to the linear system (4.19). As we will show immediately, in obtaining nonzero solutions for (4.19), we determine the eigenvalue λ, which will then fix k 0 and r(k) accordingly. After this, we substitute the solutions for C e , C o into (4.10),(4.5) to give h(k), g, which henceforth determines the eigenvectors by (4.1). Of crucial importance is therefore the determinant of the left hand side of (4.19),
When Det = 0 we can have a continuous spectrum of solutions which we address in the following. When Det = 0, there are a finite number of solutions which will be the subject of Section 6.
The Continuous Spectrum
For the λ values which do not make Det zero, we can solve (4. 19) as
We claim that only when λ ∈ [−1/3, 0) we can get a nonzero solution. The reason is as follow.
From the explicit forms of B e and B o
we see that if λ < −1/3 or λ > 0, λ − M(k) can not have a zero to cancel the zero from r(k) at k = k 0 (recall that M(k) ∈ [−1/3, 0) and r(k 0 ) = 0). Therefore the integrations give zero and B e = B o = 0 and so C e = C o = 0. Furthermore, δ(k − k 0 )r(k)/(λ − M(k)) will be zero also. This means that h(k) in (4.10) is zero. Therefore in order to get nonzero h(k) when Det = 0 we must require that λ ∈ [−1/3, 0) so that λ − M(k) can cancel the zero coming from r(k). In other words, we find a continuous spectrum λ ∈ [−1/3, 0). Now we construct the eigenvectors for given λ. First we must choose the parameters k 0 and r(k) such that λ = M(k 0 ) and r(k)/(λ − M(k)) is finite at k = k 0 (the λ = −1/3 case is a little more complex and we will discuss it later). Knowing k 0 we can expand
For k 0 = 0, dM dk | k 0 = 0 so r(k) can be chosen as D · (k − k 0 ) where D will be an overall normalization constant and can be set to any value; we shall take D = 1. Substituting into (4.22) and (4.23), we have
Putting these results back into (4.10) we can get
We summarize the results as follows. For every
As mentioned in the introduction, there is a subtlety when b > b 0 := 8 ln 2, here the forms of (4.27) become modified at one single point. From this expression of the eigenvectors, we see that the eigenvector of M ′ can be seen as a deformation of that of M at |k 0 by a proper linear combination of |v e and |v o . This is a special property for the continuous spectrum. As we will see, for the discrete spectrum, they are just the linear combinations of |v e and |v o without involving |k 0 . Notice that since for every λ we have doubly degenerate eigenvectors v(k 0 ), v(−k 0 ), we can use the relations
as well as a twist odd eigenstate
We remind the reader that the eigenvalue λ = − 
The Determinant: the Functions A ee and A oo
We have seen from the setup that to completely determine the eigenvectors and eigenvalue of M ′ we must understand the behavior of the determinant Det in the linear system (4.19) . It is therefore crucial to first understand the behaviour of A ee and A oo as functions of λ. We will give the analytic forms of these functions, analyze their singularities and find the critical λ's which make Det zero.
The Function A ee
By summing all the residues in the upper-half plane, one can analytically evaluate the integral A ee (λ), which we recall from (4.16) as
.
The result is
where γ is Euler's constant, and ψ(z) is the digamma function ψ(z) = d dz ln Γ(z). Furthermore,
For reference, we plot A ee in Figure 1 . Let us note a few key features. It seems that when λ = 1, A ee is not well defined. However, careful analysis will show that in fact A ee is continuous there and
Also despite the discontinuity of α(λ), A ee is well-defined at λ = −1/3 = M(k = 0). We can compute both limits from the left and the right to obtain One root of Det can be found by solving
By studying the intersection of I b (λ) with A ee (λ) we see that there are two kinds of roots (cf. Figure 2 ). We note that I b (λ) is a hyperbola with asymptote at λ = 1 so from −∞ to 1 it is an increasing function from − 3 4 β to ∞. Therefore the first kind of root exists no matter what b is (we recall that b > 0), namely they are λ = −1/3 (because I b always passes through the point (−1/3, −3/4 ln(27/16)) ∼ (−1/3, −0.392436), the left cusp point of A ee ; we will show this 2 This is due to the fact that from (2.11), we have the expression for A ee at λ = −1/3 as As promised, we will now show that indeed λ = −1/3 = M(k = 0) gives 1 − 4(λ−1) 3β(1−λ)−2b A ee = 0. To see this, we recall from (5.3) that A ee (λ = − 1 3 ) = − 3 4 V rr 00 . Using this we can calculate
We see therefore that I b (λ) passes through the left cusp of A ee (λ) and λ = − 1 3 indeed is a root of Det.
The Function A oo
By the same method we can evaluate
Now we obtain
where g(λ) and α(λ) were defined in (5.2) . We plot A oo in Figure 3 . There are several important points here as well. Firstly putting λ = 1 we get v o | 1 1−M |v o = 3 4 V rr oo , giving us the nice identity. Secondly A oo diverges at λ = 0 from both sides. The divergence is again very slow, as ln ln λ:
More important is the behavior near λ = −1/3. If we approach from the left we find A oo | (− 1 3 ) − = −∞. If we approach from the right, we find A oo | (− 1 3 ) + = 3 4 ln 27 which is finite. This discontinuity may seem unnatural, but we will see later that it is consistent with our analysis. Now we can solve the other λ which makes Det zero. The equation is
From this we find again that there are two kinds of solutions. The first one does not dependent on the value of b and is located in the region (0, 1) (since b > 0). For large enough b, of course, we obtain a second type of zero in addition to the first, located in the region [−1/3, 0). This occurs when the right hand side is higher than when A oo takes its point of discontinuity at λ = −1/3; this is when b ≥ 8 ln 2. Comparing with the critical value of b found in the A ee case, we find they are same. This is not an accident.
In fact we claim that the solutions λ found in both cases, either from A ee or from A oo , whether in the region (0, 1) or [−1/3, 0) are the same, i.e., the two roots of Det are degenerate. To show this, we use the analytic form of A ee and A oo , giving the ratio
As analysed, the denominator gives one root of Det and the numerator, the other. The idea is that if the roots are degenerate, they will cancel each other so that this ratio is neither zero nor infinite at the roots. From (5.6) we see that the ratio is zero only when λ = (6 ln(27/16)−b)/(3b+6 ln(27/16)); careful analysis reveals that this zero is coming from the simple pole in the denominator at 3β(1 − λ) − 2b = 0 and so is in fact not a zero of Det. On the other hand, the only pole is at λ = −1/3. We hence conclude that the two zeros of Det are degenerate 3 except for λ = − 1 3 which is a zero of the denominator only (for all values of b).
The Discrete Spectrum
Having discussed the continuous spectrum, we now move on to the discrete spectrum. This comes from the zeros of the determinant Det. The solutions have been discussed in section 4. In this section, we will construct the corresponding eigenvectors.
The Case of λ = −1/3
As we have shown, no matter what b is, M ee = 1 − 4(λ−1) 3β(1−λ)−2b A ee = 0 always has a solution λ = −1/3. We will denote the corresponding eigenvector as v +,− 1
3
. Furthermore, when b ≥ 8 ln 2, both M ee and M oo = 1 − 4 3β A oo have another solution λ ∈ [−1/3, 0). When b = 8 ln 2, the solution will be λ = −1/3 again, which is also degenerate 4 . Now we can start to construct the eigenvectors. Since M ee = 0, for consistency of (4.19), we need B e = 0. This can be achieved by choosing any k 0 = 0 or k 0 = 0 such that r(k = 0)/(− 1 3 −M(k = 0)) is not a pole.
If we choose k 0 = 0, we have B o = 0 and the solution is 5
and the eigenvector becomes
In summary then,
which is the solution given in [12] (equation (4.5)). Notice that this state is twist-even. This solution has been found by several groups already [17, 12, 20] . If instead of choosing k 0 = 0, we choose k 0 = 0 such that r(k)/(−1/3 − M(k)) does not have pole at k = 0. Then there are two cases. The first one is that r(k)/(−1/3 − M(k)) has a zero at k = 0, so we have B o = 0 and the solution is the same as above. The second one is that r(k)/(−1/3 − M(k)) ∼ 1 at k = 0, then we will have a non-zero We can check this directly by acting M ′ on the left.
Using
If we choose C e = 2V rr oo √ 2b , we will get
From these two solutions we can construct the twist-odd solution v −,− 1 3 and the twist-even solution v +,− 1
, which is equal to (6.3). In fact, comparing with the results (4.28) and (4.29) from the last section, we find that these two solution v ±,− 1 3 are nothing new, but a part of the continuous spectrum we presented before.
It is a little strange that we get twist-even and twist-odd states for M ′ at λ = −1/3 at the same time while for M, we have only a twist-odd state. To see that it is true, let us take b → +∞. In this limit we have from (2.8)
From this limit, we see immediately that M ′ has two eigenvectors for the eigenvalue − 1 3 :
these are of course nothing other than the limit of v ±,− 1 3 when b → +∞. We consider this as a strong evidence supporting the double degeneracy at λ = −1/3. In the conclusions section, we will give some numerical evidence and further discussion about this point.
We have discussed the case of b = b 0 in the above and found that the discrete spectrum at λ = −1/3 is the same as the continuous at this point. Now we discuss the special case when b = b 0 = 8 ln 2. Recall from Subsection 5.2, we must choose the branch of A oo | is different from (6.3) by missing the |k = 0 term. This is a very important point. It in fact distinguishes the continuous and the discrete spectra. This means that when b 0 = 8 ln 2, the continuous spectrum at λ = −1/3 is simply the discrete discrete spectrum at this point. However when b 0 = 8 ln 2, the expressions (4.28) and (4.29) for the continuous spectrum at λ = −1/3 no longer apply but should be replaced by (6.4) and (6.5).
Other Solutions at λ = −1/3
For other λ = −1/3 which make Det zero no matter which region they are, the eigenvectors can be found similarly. First we choose C e = 0, C o = 0 and the eigenvector is twist even
Next we choose C e = 0, C o = 0 and the eigenvector is twist odd
Again, when λ ∈ [−1/3, 0) the expressions (4.28) and (4.29) for the continuous spectrum will be replaced by these above expressions for the discrete spectrum.
The Generating Function
In the above sections, we have given the eigenvectors of M ′ for the various ranges of λ. They are of the form of |v e and |v o acted on by 1 λ−M . It would be very nice if we could explicitly determine these components. The present section solves this problem.
In order to find components, we need to find the generating function. The idea is that, recalling f k in (2.3) we can define generating functions G e (z) and G o (z) as follows:
The series expansion coefficients in z of G e (z) (respectively G o (z)) will give the components of 1 − e −k arctan z −1 + cosh( k π 2 ) 2 k 1 + 2 cosh( k π 2 ) λ + 1 1+2 cosh( k π 2 ) sinh( k π 2 )
Our task is therefore to evaluate the above two integrals. Again summing up the residues on the upper half plane we obtain the following.
The Twist-even States
For the generating function G e (z), when λ ∈ [−1/3, 0), setting λ = −(2 cosh( πk 0 2 ) + 1) −1 we have 6
for (Re(a) > 0) is the incomplete beta function.
For λ ∈ (0, 1) we set λ = (2 cosh( πk 0 2 ) − 1) −1 and have
is the hypergeometric function of the first kind.
As an application of the above generating function, we derive the components of the state v +,− 1 3 in (6.3). Taking the limit λ → −1/3 (or equivalently k 0 → 0) we can simplify the generating function G e (z) as
We conclude therefore that (up to an overall factor) the twist-even eigenvector at λ = −1/3 (from (6.2)) has components 
The Twist-odd States
Now we discuss the generating function G o (z). Again, when λ ∈ [−1/3, 0) we can set λ = −1/(2 cosh(πk 0 /2) + 1) and obtain
On the other hand, when λ ∈ (0, 1) we can set λ = 1/(2 cosh(πk 0 /2) − 1) and obtain
where a ≡ arctan z.
As an application, we now try to find the components of v −,− 1
3
. This is the twist-odd eigenvector at eigenvalue λ = −1/3 whose existence is so-far unpredicted. As we have mentioned, this state exists only when we reach λ = −1/3 from the right hand side. This corresponding to k 0 → 0 and we find the limit
[24(arctan z) 2 − π 2 + 6 ln(e −4i arctan z ) ln(1 − e −4i arctan z ) + 6Li 2 [e −4i arctan z ]]
The spectrum of M ′12 and M ′21
We digress here for a moment to present another application of our analysis. Knowing the spectrum of M ′ 11 ≡ M ′ it is easy to calculate that of the matrices M ′ 12 and M ′ 21 . The method is in direct parallel to the discussions in [9] because the matrices M ′ rs obey the same useful properties as the matrices M rs :
From (8.1), we see that all M ′ rs share the same eigenvectors. The continuous eigenvalues λ 12 (k) and λ 21 (k) of M ′ 12 and M ′ 21 respectively, can then be calculated by treating (8.2) as a system of equations in λ rs (k). We thus obtain:
Because in the limit b → ∞, M ′ 12 and M ′ 21 have similar diagonalized form as M ′ , we should obtain the same eigenvalues as for the matrices M rs . We can extend the choice of sign in front of the square root (from [9] ) to finite values of b. We therefore have, for the continuous spectrum,
Furthermore the doubly degenerate eigenvalue λ 1 of M ′ gives rise to the following 2 eigenvalues:
Because λ 1 ∈ (0, 1), we have that λ 1+ ∈ (0, 1) and λ 1− ∈ − 1 3 , 0 .
Discussions and Conclusions
In this paper, we solved the eigenvalue and eigenvector problem for the matrix M ′ . We found that its spectrum is composed of a continuous spectrum, which is the same as the spectrum of M, and a new discrete spectrum, which always contains an eigenvalue in the range (0, 1). We obtained the closed form for all the eigenvectors and found that, for every eigenvalue (including − 1 3 ), we have always one twist-even state and one twist-odd state.
A particular thing that we found is that there is a critical value b 0 = 8 ln 2 above which one pair of eigenvectors in the continuous spectrum is replaced by one pair of eigenvectors in the discrete spectrum, although the eigenvalue does not change. As the parameter b is claimed to be irrelevant to the physics [2, 23] , it would be interesting to understand the meaning of this critical value b 0 .
The main difference between the spectrum of M ′ and that of M is that the eigenvalue − 1 3 is now doubly degenerate, and that we have one new doubly degenerate eigenvalue in the interval (0, 1). As we mentioned in Section 6, the double degeneracy at λ = − 1 3 is a little mysterious although we have several pieces of evidence to support it. This degeneracy is a surprising result of our analysis. Indeed, in the light of [26, 20] it seems to mean that we now would have two commuting coordinates in the Moyal product decomposition of the star product. It is thus worth looking closer at our twist-odd eigenvector v −,− is an eigenvector of M ′ with eigenvalue − 1 3 , we expect that w(b, L → ∞) = v −,− 1 3 (b) for any value of b. We show in the following table, the five first nonzero components of w(b = 1) at various levels of truncation, as well as their values extrapolated from a fit of the form a 0 + a 1 / log(L) + a 2 / log(L) 2 + a 3 / log(L) 3 . In the last lines, we show their exact values as calculated from (7.11) . Comparing the two last lines, we see that the result of the fit is about 20 to 40% away from the exact value. Though discouraging, this discrepancy is not conclusive because the fitting function might not be a judicious choice. Indeed note that the convergence is monotonic and very slow, and the values of the fit are surprisingly far away from our finite level values.
For comparison, we show in the next table We see that it converges towards the expected value much better than the C-odd vector does. We can try to compare this difference in numerical behavior to the case of the matrix M. Remember that in [9] , the authors found a candidate C-even eigenvector (denoted v + ) of eigenvalue − 1 3 , in addition to the C-odd eigenvector v − . This candidate was however discarded by the authors for several reasons:
• v + is an eigenvector of K 2 1 but not of K 1 . • The set of eigenvectors without v + already forms a complete basis [10] .
• The norm of v + has a worse divergence than the norm of v − .
• v + never appears in the level truncation.
Our analysis does not allow us to generalize these two first arguments to our case 8 . But we can do the same level truncation tests as above with the vectors v + and v − . In the following table, we show u + ≡ −3Mv + at various truncations levels as well as the expected values. Now we compare this to the same analysis done with u − ≡ −3Mv − . is qualitatively similar to the difference in numerical behavior between v + and v − . This suggests that we should be suspicious about v −,− 1 3 . The eigenstate indeed deserves further investigation. However, as we have shown in the limit b → ∞, we do believe the existence of the state v −,− 1 3 . We think that the reason why the level truncation does not work is that the components of v −,− 1 3 do not decay fast enough and level truncation is not very trustable in this case.
Let us move onto the other eigenvalues. The existence of the discrete eigenvalue in the range (0, 1) can be considered as the result of us adding zero modes into the matrix M to get M ′ . This relationship may help us to understand the physical meaning of these discrete states. As a check, we can calculate the eigenvalues numerically in the level truncation scheme. We found that the eigenvalue in region (0, 1) converges very fast as the level is increased; this situation is very different from that for λ = − 1 3 for example, which converges only logarithmically in level truncation [2, 9] . To illustrate this, we write in the following table the value of λ at b = 0.2, b = 1 and b = 5, found at various levels of truncation, as well as its exact values calculated from (5.4) . We see that, at level 10, the relative error is less than 1%. And for b = 0.2 and b = 1, level 1 is already a good approximation. We hope that the results of this paper can find useful applications. In particular they should lead to some information about the instantonic sliver [18, 19] . Some future work could consist of seeking a better understanding of the density of eigenvalues in the continuous spectrum. Indeed, we have found no convincing argument to claim that it should be the same as for the matrix M. In fact, if those densities were the same, we could simplify the continuous spectrum between the numerator and the denominator of the ratio .
But this would lead to a puzzle because M ′ has two eigenvectors with eigenvalue − 1 3 (at least we think so), whereas M has only one; R would then naively be zero (and we know that it is one [12] ).
As another direction for future research we can find the spectrum of the M ′ matrix in the presence of a background B-field in the vein of [24] . This will be addressed in a forthcoming work [25] . We can also discuss the relationship of the Moyal product with Witten's star product in the case of including the zero modes as in [26] .
